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Introduction
This paper is based on the 40-min talk given by the author at the Inter-
national Conference on Clifford Algebras and Their Applications in Mathe-
matical Physics (ICCA 11) in the mini-symposium “Clifford Algebra and the
Fundamental Forces of Nature” (Ghent, August 2017).
We present a new class of covariantly constant solutions of the Yang-
Mills equations. These solutions correspond to the solution of the field equa-
tion for the spin connection of the general form [9].
In the present paper, we generalize results of the papers [7] and [9].
Namely, Theorems 2.1 and 2.2 generalize the main results of the paper [9] on
the spin connection of the general form. Theorems 4.1, 5.1, and 5.2 generalize
the main results of the paper [7] on a new class of solutions of the Yang-Mills
equations.
The reported study was funded by RFBR according to the research project No. 16-31-00347
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1. Tensor fields with values in Clifford algebra and field
equation for spin connection
Let us consider pseudo-Euclidean space Rk,l of the dimension dimRk,l =
k+ l = m with Cartesian coordinates xµ, µ = 1, . . . ,m. The metric tensor of
Rk,l is given by a diagonal matrix
ρ = ||ρµµ|| = diag(1, . . . , 1︸ ︷︷ ︸
k
,−1, . . . ,−1︸ ︷︷ ︸
l
). (1.1)
By ∂µ :=
∂
∂xµ
denote the partial derivatives.
Let us consider the real Clifford algebra Cℓp,q, p + q = n [6], [3], with
the generators ea, a = 1, . . . , n, which satisfy the following conditions
eaeb + ebea = 2ηabe, η = ||ηab|| = diag(1, . . . , 1︸ ︷︷ ︸
p
,−1, . . . ,−1︸ ︷︷ ︸
q
), (1.2)
and the basis
{eA} = {e, ea, eab, . . . , e1...n},
where A is an arbitrary ordered multi-index of a length |A| between 0 and n.
We use notation Cℓp,qT
r
s for the set of tensor fields with values in the
Clifford algebra Uφ1...φrψ1...ψs = U
φ1...φr
ψ1...ψs
(x) : Rk,l → Cℓp,q:
UΦΨ (x) = U
φ1...φr
ψ1...ψs
(x) = uφ1...φrψ1...ψs(x)e + u
φ1...φr
ψ1...ψsa
(x)ea + uφ1...φrψ1...ψsab(x)e
ab + · · ·
· · ·+ uφ1...φrψ1...ψs1...n(x)e
1...n = uΦΨA(x)e
A ∈ Cℓp,qT
r
s, u
Φ
ΨA : R
k,l → R.
We denote multi-index φ1 . . . φr by Φ, multi-index ψ1 . . . ψs by Ψ , and their
lengths by |Φ| = r, |Ψ| = s.
We can raise and lower Greek indices using matrix ρ = ||ρµν || and raise
and lower Latin indices using matrix η = ||ηab||. We have ea = ηabe
b = (ea)−1
and eA = (e
A)−1.
As a particular case, we consider the algebra Cℓp,qT of smooth functions
with values in the Clifford algebra U = U(x) : Rk,l → Cℓp,q:
U(x) = u(x)e + ua(x)e
a + · · ·+ u1...n(x)e
1...n = uA(x)e
A, uA : R
k,l → R.
Let us consider a set of smooth functions with values in Clifford algebra
ha : Rk,l → Cℓp,q
ha(x) = ya(x)e + yab (x)e
b + · · ·+ ya1...n(x)e
1...n = yaA(x)e
A, (1.3)
which satisfy conditions
ha(x)hb(x) + hb(x)ha(x) = 2ηabe, a, b = 1, . . . , n, ∀x ∈ Rk,l. (1.4)
In the case of odd n = p+q, we also require the following additional condition
to obtain independent elements hA (see [15]):
Tr(h1 · · ·hn) = 0 (in the case of odd n) (1.5)
where Tr : Cℓp,q → Cℓ
0
p,q is the projection operator onto subspace Cℓ
0
p,q =
{ue} of grade 0.
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The set
{hA(x)} = {e, ha(x), . . . , h1...n(x)}
is a basis of the algebra Cℓp,qT of smooth functions with values in the Clifford
algebra.
The Clifford algebra Cℓp,q is a Lie algebra with respect to the commu-
tator [U, V ] = UV − V U . Let us consider the following subset
Cℓsp,q = Cℓp,q \ Cen(Cℓp,q)
which is a Lie subalgebra of Cℓp,q. Note that the center [6] of Cℓp,q is
Cen(Cℓp,q) =
{
Cℓ0p,q, if n is even;
Cℓ0p,q ⊕ Cℓ
n
p,q, if n is odd,
(1.6)
where
Cℓjp,q := {
∑
A:|A|=j
uAe
A}, j = 0, 1, . . . , n,
is the subspace of Cℓp,q of grade j.
Theorem 1.1. For elements ha ∈ Cℓp,qT (1.3), which satisfy conditions (1.4)
and (1.5), we have
ha ∈ Cℓsp,qT, a = 1, . . . , n.
Let us consider the following system of equations for unknown elements
Cµ ∈ Cℓp,qT1
∂µh
a − [Cµ, h
a] = 0, µ = 1, . . . ,m, a = 1, . . . , n. (1.7)
It is convenient to consider Cµ ∈ Cℓ
s
p,qT1 because of the commutator in
(1.7). So, let all expressions in equation (1.7) belong to the Lie algebra Cℓsp,q.
We denote the group of all invertible Clifford algebra elements by Cℓ×p,q.
Theorem 1.2. Let S : Rk,l → Cℓ×p,q be a function with values in Cℓ
×
p,q such
that
S−1∂µS ∈ Cℓ
s
p,qT1.
Then the following expressions
h´a = S−1haS ∈ Cℓsp,qT, C´µ = S
−1CµS − S
−1∂µS ∈ Cℓ
s
p,qT1
also satisfy the equation
∂µh´
a − [C´µ, h´
a] = 0, ∀µ = 1, . . . ,m, a = 1, . . . , n.
Theorem 1.3. The system (1.7) has unique solution Cµ ∈ Cℓ
s
p,qT1:
Cµ =


n∑
i=1
µiπ{h}i((∂µh
a)ha), µ = 1, . . . ,m, if n is even;
n−1
2∑
i=1
µiπ{h}i,n−i((∂µh
a)ha), µ = 1, . . . ,m, if n is odd,
(1.8)
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where
µi =
1
n− λi
, λi = (−1)
i(n− 2i),
and
π{h}i : Cℓp,q → Cℓ{h}
i
p,q = {
∑
A:|A|=i
uAh
A}, π{h}i,n−i = π{h}i + π{h}n−i
are projection operators.
We also have
π{h}i(U) =
n∑
j=0
bijF
j(U), π{h}i,n−i(U) =
n−1
2∑
j=0
gijF
j(U), where
Bn+1 = ||bij || = A
−1
n+1, aij = (λj−1)
i−1, Gn−1
2
= D−1n−1
2
, dij = (λj−1)
i−1,
F j(U) = F (F (· · ·F (︸ ︷︷ ︸
j
U)) · · · ), F (U) =
n∑
a=1
haUh
a.
Theorem 1.4. The following condition of zero-curvature follows from (1.7):
∂µCν − ∂νCµ − [Cµ, Cν ] = 0, µ, ν = 1, . . . ,m. (1.9)
Proof. (of Theorems 1.1 - 1.4). Analogous theorems are proved in [9] for
the vector fields hµ ∈ Cℓp,qT
1 in pseudo-Euclidean space Rp,q (w.r.t. the
orthogonal transformations of coordinates), which we also discuss in Section
5 of the current paper. But all these statements can be also proved for the
scalar functions ha ∈ Cℓp,qT in pseudo-Euclidean space R
k,l, k 6= p, l 6= q (it
is sufficient to change all hµ to ha in the proof of the corresponding theorems
in [9]). 
2. Spin connection of the general form
We use the method of averaging in Clifford algebra [16] to obtain another
form of unique solution of the system (1.7).
Theorem 2.1. From the system (1.7) it follows that
∂µh
A − [Cµ, h
A] = 0, µ = 1, . . . ,m (2.1)
for all ordered multi-indices A of a length between 0 and n.
Proof. Let us multiply both sides of (1.7) on the left and on the right by the
required number of elements haj :
∂µ(h
a1)ha2 · · ·haj − Cµh
a1ha2 · · ·haj + ha1Cµh
a2 · · ·haj = 0,
ha1∂µ(h
a2)ha3 · · ·haj − ha1Cµh
a2ha3 · · ·haj + ha1ha2Cµh
a3 · · ·haj = 0,
· · ·
ha1 · · ·haj−1∂µ(h
aj )− ha1 · · ·haj−1Cµh
aj + ha1 · · ·haj−1hajCµ = 0.
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Summing these equations, we get
∂µ(h
a1 · · ·haj )− [Cµ, h
a1 · · ·haj ] = 0
for arbitrary indices a1, . . . , aj . We obtain (2.1) for all ordered multi-indices
of a length between 0 and n. In the case of empty multi-index, we have
∂µ(e)− [Cµ, e] = 0
because e does not depend on x and lies in the center Cen(Cℓp,q) of the
Clifford algebra. 
Theorem 2.2. The system (1.7) has unique solution Cµ ∈ Cℓ
s
p,qT1
Cµ =
1
2n
(∂µh
A)hA, µ = 1, . . . ,m. (2.2)
In the case of odd n, the expression (2.2) can be represented as
Cµ =
1
2n−1
n−1
2∑
|A|=1
(∂µh
A)hA, µ = 1, . . . ,m. (2.3)
Proof. Let us multiply both sides of (2.1) by hA on the right:
(∂µh
A)hA − Cµh
AhA + h
ACµhA = 0. (2.4)
Since hAhA = 2
ne and hACµhA = 2
nπCen(Cµ) (see [16]), we get
2n(Cµ − πCen(Cµ)) = (∂µh
A)hA.
Here we denote the projection operator onto the center of Clifford algebra
(1.6) by
πCen : Cℓp,q → Cen(Cℓp,q).
Using Cµ ∈ Cℓ
s
p,qT1, we obtain (2.2). By Theorem 1.3 the solution Cµ ∈
Cℓsp,qT1 of the system (1.7) is unique.
In the case of odd n, the element h1...n does not depend on x and equals
±e1...n (see [15]). Using h1...n = ±e1...n ∈ Cen(Cℓp,q), we get∑
A:|A|=j
(∂µh
A)hA = h
1...n
∑
A:|A|=j
(∂µh
A)hAh1...n =
∑
A:|A|=n−j
(∂µh
A)hA.
Finally, we have
(∂µh
A)hA =
n∑
|A|=0
(∂µh
A)hA = 2
n−1
2∑
|A|=1
(∂µh
A)hA, µ = 1, . . . ,m
and (2.3). The theorem is proved. 
Example. Let us consider the case n = 2. Using (1.8), we get (see [9])
Cµ =
1
2
π{h}1((∂µh
a)ha) +
1
4
π{h}2((∂µh
a)ha)
=
1
2
(∂µh
a)ha −
1
16
hb(∂µh
a)hahb −
3
32
hchb(∂µh
a)hahbhc. (2.5)
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Let us show that this expression coincides with (2.2). We have
hb(∂µh
a)hahb = −(∂µh
1)h1 + h
1(∂µh
2)h2h1 + h
2(∂µh
1)h1h2 − (∂µh
2)h2,
hchb(∂µh
a)hahbhc = (∂µh
1)h1 + (∂µh
2)h2 + (∂µh
2)h2 − h
2(∂µh
1)h1h2
−h1(∂µh
2)h2h1 − h
2(∂µh
1)h1h2 − h
1(∂µh
2)h2h1 + (∂µh
1)h1.
Finally, we obtain from (2.5)
Cµ =
3
8
(∂µh
a)ha +
1
8
(h1(∂µh
2)h2h1 + h
2(∂µh
1)h1h2)
=
1
4
(∂µh
a)ha +
1
8
(∂µ(h
1h2)h2h1 + ∂µ(h
2h1)h1h2)
=
1
4
(∂µh
a)ha +
1
4
(∂µh
12)h12 =
1
4
(∂µh
A)hA.
Also we can verify that
Cµ =
1
4
(∂µh
A)hA =
1
4
(∂µh
1)h1 +
1
4
(∂µh
2)h2 +
1
4
(∂µh
12)h12
is a solution of (1.7). We have
[Cµ, h
1] =
1
4
(∂µh
1)h1h
1 +
1
4
(∂µh
2)h2h
1 +
1
4
(∂µh
1)h2h2h1h
1
+
1
4
h1(∂µh
2)h2h1h
1 −
1
4
h1(∂µh
1)h1 −
1
4
h1(∂µh
2)h2 −
1
4
h1(∂µh
1)h2h2h1
−
1
4
h1h1(∂µh
2)h2h1 =
1
4
∂µh
1 +
1
4
(∂µh
2)h2h
1 +
1
4
∂µh
1 +
1
4
h1(∂µh
2)h2
+
1
4
∂µh
1 −
1
4
h1(∂µh
2)h2 +
1
4
∂µh
1 −
1
4
(∂µh
2)h2h
1 = ∂µh
1.
We can similarly verify [Cµ, h
2] = ∂µh
2.
Example. Let us consider the case n = 3. Since (1.8), we have
Cµ =
1
4
π{h}1,2((∂µh
a)ha) =
3
16
(∂µh
a)ha −
1
16
hb(∂µh
a)hahb. (2.6)
Using (2.2), we get
Cµ =
1
8
(∂µh
A)hA =
1
8
(∂µh
a)ha +
1
8
(∂µh
ab)hab,
because h123 does not depend on x and equals ±e123 (see [15]). Since h123 =
±e123 ∈ Cen(Cℓp,q), we obtain
(∂µh
a)ha = h
123(∂µh
a)hah123 = (∂µh
ab)hab.
Finally, we have in the case n = 3
Cµ =
1
4
(∂µh
a)ha ∈ (Cℓ
1
p,q ⊕ Cℓ
2
p,q)T1. (2.7)
Let us show that (2.7) coincides with (2.6). We have
X := ∂µ(h
ab)hab =
1
2
∂µ(h
ahb)hbha =
1
2
(∂µh
a)hbhbha +
1
2
ha(∂µh
b)hbha
=
3
2
(∂µh
a)ha +
1
2
ha(∂µh
b)hbha =
3
2
X +
1
2
ha(∂µh
b)hbha.
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Then
ha(∂µh
b)hbha = −X = −∂µ(h
ab)hab = −(∂µh
a)ha.
Using this identity we get (2.7) from (2.6).
Example. Let us consider the case ha ∈ Cℓ1p,qT. We have (instead of a general
case (1.3))
ha(x) = yab (x)e
b ∈ Cℓ1p,qT. (2.8)
Using (1.4), we get the following conditions for the elements yab :
yab y
c
dη
bd = ηac, (2.9)
which are orthogonality conditions for the matrix Y = ||yab ||:
Y ∈ O(p, q) = {Y ∈ Mat(n,R), Y TηY = η}.
In this particular case, we have ∂µh
a ∈ Cℓ1p,qT1. It can be proved that
(see [7])
(∂µh
a)ha = (∂µha)h
a = −ha(∂µh
a) = −ha(∂µha) ∈ Cℓ
2
p,qT1
and the solution of (1.7) will be
Cµ =
1
4
(∂µh
a)ha ∈ Cℓ
2
p,qT1, (2.10)
in the case of arbitrary n. This expression is known as spin connection. Since
(2.8), we have
Cµ =
1
4
ηac∂µ(y
a
b )y
c
de
bed. (2.11)
Using (2.9), we get
∂µ(y
a
b )y
c
dη
bd + yab ∂µ(y
c
d)η
bd = 0
and can rewrite (2.11) in the following way
Cµ = ωµbde
bd ∈ Cℓ2p,qT1, ωµbd =
1
2
∑
b<d
ηac∂µ(y
a
b )y
c
d.
The expression (2.10) coincides with (1.8) and (2.2) in the case ha ∈
Cℓ1p,qT. Note that the expressions (1.8) and (2.2) do not belong to Cℓ
2
p,qT1 in
the general case and we call them spin connection of the general form.
3. Covariant derivatives and covariantly constant tensor fields
with values in Clifford algebra.
Let us consider a tensor field with values in the Clifford algebra UΦΨ =
U
φ1...φr
ψ1...ψs
(x) : Rk,l → Cℓp,q, |Φ| = r, |Ψ| = s:
UΦΨ (x) = u
Φ
ΨA(x)e
A ∈ Cℓp,qT
r
s, u
Φ
ΨA(x) : R
k,l → R.
We can take hb(x) = ybA(x)e
A (see (1.3), (1.4), and (1.5)) and obtain another
basis hB(x) = yBA (x)e
A of Cℓp,qT for some y
B
A = y
B
A (x) : R
k,l → R. We have
UΦΨ(x) = u{h}
Φ
ΨB(x)h
B(x), u{h}ΦΨB(x) : R
k,l → R,
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where
uΦΨA(x) = u{h}
Φ
ΨB(x)y
B
A (x).
Let us consider the following operation of covariant differentiation that de-
pends on the basis {hA} of Cℓp,qT
DµU
Φ
Ψ := ∂µU
Φ
Ψ − [Cµ, U
Φ
Ψ ], U
Φ
Ψ ∈ Cℓp,qT
r
s, (3.1)
where Cµ = Cµ(x) ∈ Cℓ
s
p,qT1 is a unique solution of (1.7).
Theorem 3.1. For arbitrary tensor field with values in Cℓp,q
UΦΨ(x) = u{h}
Φ
ΨB(x)h
B(x) ∈ Cℓp,qT
r
s
we have
Dµ(U
Φ
Ψ (x)) = ∂µ(u{h}
Φ
ΨB(x))h
B(x). (3.2)
Proof. Using Theorem 2.1 and (3.1), we get
Dµ(U
Φ
Ψ) = Dµ(u{h}
Φ
ΨBh
B) = ∂µ(u{h}
Φ
ΨBh
B)− [Cµ, u{h}
Φ
ΨBh
B]
= ∂µ(u{h}
Φ
ΨB)h
B + u{h}ΦΨB∂µ(h
B)− u{h}ΦΨB[Cµ, h
B]
= ∂µ(u{h}
Φ
ΨB)h
B + u{h}ΦΨB(∂µ(h
B)− [Cµ, h
B])
= ∂µ(u{h}
Φ
ΨB)h
B.
The theorem is proved. 
Let us consider a set of covariantly constant tensor fields with values in
Clifford algebra UΦΨ ∈ Cℓp,qT
r
s
MCℓp,qT
r
s := {U
Φ
Ψ ∈ Cℓp,qT
r
s, DµU
Φ
Ψ = 0}.
Elements of this set have the form
U
φ1...φr
ψ1...ψs
= uφ1...φrψ1...ψse+ u
φ1...φr
ψ1...ψsa1
ha1 + u
φ1...φr
ψ1...ψsa1a2
hν1ν2 + · · ·+ uφ1...φrψ1...ψs1...nh
1...n,
where all uΦΨA do not depend on x.
Theorem 3.2. The operation (3.1) has the following properties:
Dµ(U
Φ
Ψ + V
Φ
Ψ ) = Dµ(U
Φ
Ψ ) +Dµ(V
Φ
Ψ ), Dµ(λU
Φ
Ψ ) = λDµ(U
Φ
Ψ ), λ ∈ R,
Dµ(U
Φ
ΨW
Ω
Σ ) = U
Φ
ΨDµ(W
Ω
Σ ) +Dµ(U
Φ
Ψ )W
Ω
Σ , Dµ(Dν(U
Φ
Ψ )) = Dν(Dµ(U
Φ
Ψ ))
for arbitrary tensor fields with values in the Clifford algebra UΦΨ , V
Φ
Ψ ∈ Cℓp,qT
|Φ|
|Ψ|
and WΩΣ ∈ Cℓp,qT
|Ω|
|Σ|.
Proof. We can easily obtain these properties of the operation Dµ in two
different ways: using (3.1) or using (3.2). If we use definition (3.1), then we
need also (1.9) to prove the last property. 
Theorem 3.3. We have
∂λ[Cµ, Cν ] + ∂µ[Cν , Cλ] + ∂ν [Cλ, Cµ] = 0,
Dλ[Cµ, Cν ] +Dµ[Cν , Cλ] +Dν [Cλ, Cµ] = 0,
Dµ(Cρ) = ∂ρCµ.
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Proof. The first two properties follow from (1.9) and
Dµ(Dν(U
Φ
Ψ)) = Dν(Dµ(U
Φ
Ψ )).
Using (1.9), we get
Dµ(Cρ) = ∂µCρ − [Cµ, Cρ] = ∂ρCµ.
The theorem is proved. 
Note that covariant and partial derivatives do not commute:
∂νDµU
Φ
Ψ = Dµ∂νU
Φ
Ψ + [U
Φ
Ψ , ∂νCµ], U
Φ
Ψ ∈ Cℓp,qT
r
s.
4. Class of covariantly constant solutions of the Yang-Mills
equations
Let G be a semisimple Lie group and g be the real Lie algebra of the Lie group
G. Multiplication of elements of g is given by the Lie bracket [U, V ] = −[V, U ].
By gTrs we denote a set of tensor fields of the pseudo-Euclidean space R
k,l,
k + l = m, of type (r, s) and of rank r + s with values in the Lie algebra g.
Consider the following equations in the pseudo-Euclidean space Rk,l:
∂µBν − ∂νBµ − [Bµ, Bν ] = Fµν , µ, ν = 1, . . . ,m, (4.1)
∂µF
µν − [Bµ, F
µν ] = Jν , ν = 1, . . . ,m,
where Bµ ∈ gT1, J
ν ∈ gT1, Fµν = −Fνµ ∈ gT2. These equations are called
the Yang-Mills equations (system of Yang-Mills equations). One suggests that
Bµ, Fµν are unknown and J
ν is known vector with values in the Lie algebra
g. One says that equations (4.1) define the Yang-Mills field (Bµ, Fµν), where
Bµ is the potential and Fµν is the strength of the Yang-Mills field. A vector
Jν is called a non-Abelian current (in the case of Abelian group G vector Jν
is called a current).
Consider Bµ, Fµν , J
ν that satisfy (4.1). Let us take a scalar field S =
S(x) with values in the Lie group G and consider transformed tensor fields
B´µ = S
−1BµS − S
−1∂µS,
F´µν = S
−1FµνS, (4.2)
J´ν = S−1JνS.
These tensor fields satisfy the same Yang-Mills equations
∂µB´ν − ∂νB´µ − [B´µ, B´ν ] = F´µν , µ, ν = 1, . . . ,m,
∂µF´
µν − [B´µ, F´
µν ] = J´ν , ν = 1, . . . ,m,
i.e., equations (4.1) are invariant w.r.t. the transformations (4.2). The trans-
formation (4.2) is called a gauge transformation (or a gauge symmetry), and
the Lie group G is called the gauge group of the Yang-Mills equations (4.1).
Let Bµ ∈ gT1 be an arbitrary covector with values in g, which smoothly
depends on x ∈ Rp,q. By Fµν denote the expression
Fµν := ∂µBν − ∂νBµ − [Bµ, Bν ] (4.3)
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and by Jν denote the expression
Jν := ∂µF
µν − [Bµ, F
µν ].
Now we can consider the expression ∂νJ
ν − [Bν , J
ν ] and, with the aid of
simple calculations, we may verify that
∂νJ
ν − [Bν , J
ν ] = 0. (4.4)
This identity is called a non-Abelian conservation law (in the case of an
Abelian Lie group G we have ∂νJ
ν = 0, i.e., the divergence of the vector
Jν equals zero). Therefore the non-Abelian conservation law (4.4) is a con-
sequence of the Yang-Mills equations (4.1).
In particular, there is a trivial solution of the Yang-Mills equations Bµ =
0, Fµν = 0 for J
ν = 0. If U = U(x) is a scalar field with values in G, then we
can get another (vacuum) solution of the Yang-Mills equations using gauge
transformation (4.2):
Bµ = −U
−1∂µU, Fµν = 0, J
ν = 0.
During the last 60 years several classes of solutions of the Yang-Mills
equations were discovered. Namely, monopoles (Wu, Yang, 1968 [20]), instan-
tons (Belavin, Polyakov, Schwartz, Tyupkin, 1975 [2]), merons (de Alfaro,
Fubini, Furlan, 1976 [4]) and so on (see review of Actor, 1979 [1] and re-
view of Zhdanov and Lagno, 2001 [21]). Constant solutions of the Yang-Mills
equations with zero current are discussed in [13] and [14].
Let us consider the system of the Yang-Mills equations (4.1) in the Lie
algebra g = Cℓsp,q, i.e. Bµ ∈ Cℓ
s
p,qT1, Fµν ∈ Cℓ
s
p,qT2, J
ν ∈ Cℓsp,qT
1.
Theorem 4.1. If the covariantly constant tensor field with values in the Clif-
ford algebra Kµ ∈ MCℓp,qT1 is a solution of the following system of algebraic
equations
[Kµ, [K
µ,Kν ]] = Jν , ν = 1, . . . ,m, (4.5)
for some Jµ ∈ MCℓp,qT
1, then the tensor field
Bµ(x) = Cµ(x) +Kµ(x), µ = 1, . . . ,m, (4.6)
is a solution of the Yang-Mills equations
∂µBν − ∂νBµ − [Bµ, Bν ] = Fµν , µ, ν = 1, . . . ,m, (4.7)
∂µF
µν − [Bµ, F
µν ] = Jν , ν = 1, . . . ,m,
in the Lie algebra Cℓsp,q, where Cµ ∈ Cℓ
s
p,qT1 is a unique solution of
∂µh
a − [Cµ, h
a] = 0, µ = 1, . . . ,m, a = 1, . . . , n.
Proof. Let us substitute (4.6) into the first equation (4.7). We have
∂µ(Cν +Kν)− ∂ν(Cµ +Kµ)− [Cµ +Kµ, Cν +Kν ] = Fµν ,
(∂µCν − ∂νCµ − [Cµ, Cν ]) + (∂µKν − [Cµ,Kν])
−(∂νKµ − [Cν ,Kµ])− [Kµ,Kν ] = Fµν .
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All summands, except the last one [Kµ,Kν ], equal zero. Using (1.9) and
Kν ∈MCℓp,qT1, we get
−[Kµ,Kν] = Fµν .
Let us substitute this expression and (4.6) into the second equation (4.7). We
have
−∂µ[K
µ,Kν ] + [Cµ +Kµ, [K
µ,Kν]] = Jν ,
[Kµ, [K
µ,Kν ]]− (∂µ[K
µ,Kν ]− [Cµ, [K
µ,Kν ]]) = Jν .
The expression in round brackets equals zero because [Kµ,Kν] ∈ MCℓp,qT
2
and we conclude that Kµ must satisfy the following equation
[Kµ, [K
µ,Kν ]] = Jν .
The theorem is proved. 
We call the solutions of the Yang-Mills equations from Theorem 4.1 co-
variantly constant solutions because expressions Kµ = Kµ(x) are covariantly
constant tensor fields with values in Clifford algebra.
In Section 5, we discuss another statements (including the main result
of the paper [7]) which are particular cases of Theorem 4.1.
5. Statements in the algebra of h-forms
In the previous sections of this paper, we consider Clifford algebra Cℓp,q,
p + q = n with matrix η (1.2) and pseudo-Euclidean space Rk,l, k + l = m
with matrix ρ (1.1).
Now let us consider the particular case k = p, l = q. We have m = n =
p+ q and
η = ρ = diag(1, . . . , 1︸ ︷︷ ︸
p
,−1, . . . ,−1︸ ︷︷ ︸
q
).
We consider a vector field with values in the Clifford algebra hµ = hµ(x) :
Rp,q → Cℓp,q (we write h
µ ∈ Cℓp,qT
1)
hµ(x) = yµ(x)e + yµa (x)e
a + yµab(x)e
b + · · ·+ yµ1...n(x)e
1...n = yµAe
A, (5.1)
which satisfies
hµ(x)hν(x) + hν(x)hµ(x) = 2ηµνe, ∀x ∈ Rp,q. (5.2)
In the case of odd n, we also require additional condition
Tr(h1(x) . . . hn(x)) = 0 (in the case of odd n)
to obtain independent elements hµ1...µk . The expression hµ is called Clifford
field vector (see [7], [9]). The following expression
U = ue+ uω1h
ω1 + uω1ω2h
ω1ω2 + · · ·+ u1...nh
1...n = uΩh
Ω,
where uΩ = uω1...ωj are skewsymmetric tensor fields of rank j, is called
h-form. The set of such h-forms is an algebra of h-forms Cℓ[h]p,q. It is a
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generalization of Atiyh-Ka¨hler algebra [5], [12], [8], where we have differentials
dxµ instead of hµ. The set hµ, µ = 1, . . . , n = p+q generate a basis of Cℓ[h]p,q:
{hΩ, |Ω| = 0, 1, . . . , n} = {e, hω1, hω1ω2 , . . . , h1...n}. (5.3)
Consider an arbitrary tensor field with values in the algebra of h-forms UΦΨ =
U
φ1...φr
ψ1...ψs
(x) : Rp,q → Cℓ[h]p,q:
UΦΨ = U
φ1...φr
ψ1...ψs
= uφ1...φrψ1...ψse+ u
φ1...φr
ψ1...ψsω1
hω1 + uφ1...φrψ1...ψsω1ω2h
ω1ω2 + · · ·
· · ·+ uφ1...ψrψ1...ψs1...nh
1...n = uΦΨΩ(x)h
Ω(x) ∈ Cℓ[h]p,qT
r
s.
Note that using (5.1), we get hΩ(x) = yΩA(x)e
A for some yΩA = y
Ω
A(x) and
UΦΨ = u
Φ
ΨΩh
Ω = uΦΨΩy
Ω
Ae
A = uΦΨAe
A ∈ Cℓp,qT
r
s, u
Φ
ΨA(x) = u
Φ
ΨΩ(x)y
Ω
A(x).
Note that the Clifford field vector hµ ∈ Cℓp,qT
1 can be regarded as a vector
field with values in the algebra of h-forms because hµ = δµν h
ν ∈ Cℓ[h]p,qT
1.
We have analogues of Theorems 1.1 - 1.4 (see [9]), 2.1 - 2.2, 3.1 - 3.3
not for elements ha, but for elements hµ. Namely, from (5.2) it follows that
hµ ∈ Cℓsp,qT
1. Instead of equation (1.7) we have the following equation in the
Lie algebra Cℓ[h]sp,q = Cℓ[h]p,q \ Cen(Cℓ[h]p,q):
∂µh
ρ − [Cµ, h
ρ] = 0, µ, ρ = 1, . . . , n, (5.4)
where hρ ∈ Cℓp,qT
1 is an arbitrary Clifford field vector and Cµ = Cµ(x)
(x ∈ Rp,q) is a covector field with values in Cℓp,q. The components of the
covector field Cµ satisfy
∂µCν − ∂νCµ − [Cµ, Cν ] = 0, µ, ν = 1, . . . n. (5.5)
The equation (5.4) is gauge invariant. Let hν ∈ Cℓsp,qT
1 be a Clifford field
vector and Cµ ∈ Cℓ
s
p,qT1 satisfy (5.4). Let S : R
p,q → Cℓ×p,q be a function
with values in Cℓ×p,q such that
S−1∂µS ∈ Cℓ
s
p,qT1.
Then the following expressions
h´ρ = S−1hρS ∈ Cℓsp,qT1, C´µ = S
−1CµS − S
−1∂µS ∈ Cℓ
s
p,qT1
also satisfy the equation
∂µh´
ρ − [C´µ, h´
ρ] = 0, µ, ρ = 1, . . . , n.
We have a unique solution Cµ ∈ Cℓ
s
p,qT1 of the equation (5.4):
∂µh
ρ − [Cµ, h
ρ] = 0 ⇔ Cµ =
2[n
2
]∑
j=1
µjπ[h]j((∂µh
ρ)hρ), (5.6)
where µj = (n− (−1)
j(n− 2j))−1 and
π[h]j : Cℓ[h]p,q → Cℓ[h]
j
p,q = {uΩh
Ω, |Ω| = j}
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are projection operators. The solution (5.6) can be also represented in the
following form (the proof is similar to the proof of Theorem 2.2)
Cµ =
1
2n
(∂µh
Ω)hΩ, µ = 1, . . . , n. (5.7)
From equation (5.4) it follows that (the proof is similar to the proof of The-
orem 2.1)
∂µ(h
ν1 · · ·hνk)− [Cµ, h
ν1 · · ·hνk ] = 0. (5.8)
We can consider the operation of covariant differentiation of an arbitrary
tensor field Uφ1...φrψ1...ψs ∈ Cℓ[h]p,qT
r
s with values in the algebra of h-forms
Dµ(U
φ1...φr
ψ1...ψs
) = ∂µ(U
φ1...φr
ψ1...ψs
)− [Cµ, U
φ1...φr
ψ1...ψs
].
We conclude that covariant derivative acts as partial derivative acts only on
the coefficients before hω1...ωj (the proof is similar to the proof of Theorem
3.1):
Dµ(U
φ1...φr
ψ1...ψs
) = ∂µ(u
φ1...φr
ψ1...ψs
)e+ ∂µ(u
φ1...φr
ψ1...ψsω
)hω + · · ·+ ∂µ(u
φ1...φr
ψ1...ψs1...n
)h1...n.
Let us consider covariantly constant tensor fields with values in the algebra
of h-forms:
MCℓ[h]p,qT
r
s = {U
φ1...φr
ψ1...ψs
∈ Cℓ[h]p,qT
r
s : Dµ(U
φ1...φr
ψ1...ψs
) = 0}. (5.9)
Elements of this set have the form UΦΨ(x) = u
Φ
ΨΩh
Ω(x), where all uΦΨΩ ∈ R
do not depend on x ∈ Rp,q.
Theorem 5.1. If the covariantly constant tensor field with values in the algebra
of h-forms Kµ ∈ MCℓ[h]p,qT1 is a solution of the following system of algebraic
equations
[Kµ, [K
µ,Kν]] = Jν , µ = 1, . . . , n, (5.10)
for some Jµ ∈ MCℓ[h]p,qT
1, then the tensor field
Bµ(x) = Cµ(x) +Kµ(x), µ = 1, . . . , n (5.11)
is a solution of the Yang-Mills equations
∂µBν − ∂νBµ − [Bµ, Bν ] = Fµν , µ, ν = 1, . . . , n, (5.12)
∂µF
µν − [Bµ, F
µν ] = Jν , ν = 1, . . . , n
in the Lie algebra Cℓ[h]sp,q, where Cµ ∈ Cℓ[h]
s
p,q is a unique solution of
∂µh
ν − [Cµ, h
ν ] = 0, µ, ν = 1, . . . , n. (5.13)
Proof. The proof is similar to the proof of Theorem 4.1. The unique solution
of the system (5.13) is given by (5.6) or (5.7). 
Theorem 5.1 can be regarded as a particular case of Theorem 4.1 because
we have k = p and l = q for Rk,l and Cℓp,q in Theorem 5.1.
In the particular case, elements ha from Sections 1-4 of this paper (see
(1.3), (1.4), (1.5)) are connected with the generators ea as ha = yab e
b using
orthogonal matrix Y = ||yab || ∈ O(p, q) (see (2.8) and (2.9)) and elements h
µ
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are connected with ea as hµ = yµae
a using frame field yµa , y
µ
ay
ν
b η
ab = ηµν (see
[7]). In this case, elements ha and hµ are connected as hµ = zµah
a using frame
field zµa = y
µ
b q
b
a, z
µ
a z
ν
b η
ab = ηµν , where Q = ||qba|| = Y
−1.
As a particular case of Theorem 5.1 we obtain the following theorem.
Theorem 5.2. Let hµ ∈ Cℓ[h]sp,qT
1 be a Clifford field vector and Cµ ∈ Cℓ[h]
s
p,qT1
satisfies (5.4). Then the following covector
Bµ = σhµ + Cµ ∈ Cℓ
s
p,qT1, µ = 1, . . . , n (5.14)
is a solution of the following system of Yang-Mills equations:
∂µBν − ∂νBµ − [Bµ, Bν ] = Fµν , µ, ν = 1, . . . , n, (5.15)
∂µF
µν − [Bµ, F
µν ] = εhν, ν = 1, . . . , n, (5.16)
where constants σ, ε ∈ R are related by the formula
ε = 4(n− 1)σ3.
Proof. We use Theorem 5.1 for the current Jµ = εhν and use the formulas
from [10]
hµh
νhµ = (2− n)hν , hµh
µ = n.
We have
[hµ, [h
µ, hν ]] = hµh
µhν − hµh
νhµ − hµh
νhµ + hνhµhµ
= nhν − (2− n)hν − (2− n)hν + nhν = 4(n− 1)hν .
The theorem is proved. 
As a particular case of Theorem 5.2 we obtain the main result of the
paper [7]. In the case hµ ∈ Cℓ1p,qT
1, we have hµ(x) = yµa (x)e
a for some frame
field yµa = y
µ
a (x) and the spin connection equals Cµ =
1
4 (∂µh
ν)hν ∈ Cℓ
2
p,qT
1.
Theorem 5.3. [7] Let hµ ∈ Cℓ1p,qT
1 be a Clifford field vector. Then the follow-
ing covector
Bµ = σhµ +
1
4
(∂µh
ν)hν ∈ (Cℓ
1
p,q ⊕ Cℓ
2
p,q)T1, µ = 1, . . . , n (5.17)
is a solution of the Yang-Mills equations
∂µBν − ∂νBµ − [Bµ, Bν ] = Fµν , µ, ν = 1, . . . , n, (5.18)
∂µF
µν − [Bµ, F
µν ] = εhν, ν = 1, . . . , n, (5.19)
where constants σ, ε ∈ R are related by the formula
ε = 4(n− 1)σ3.
Note that the statements of Theorems 5.2 and 5.3 can be used in the
study of Yang-Mills-Proca equations [11].
Note that all considerations of this paper can be reformulated for the
case of the complexified Clifford algebra C⊗Cℓp,q and the corresponding Lie
algebra. We can also consider the Lie algebra C⊗Cℓsp,q. The constants ε and
σ in Theorems 5.2 and 5.3 will be complex in this case.
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We have the following well-known isomorphisms [6]
C⊗ Cℓp,q ∼=
{
Mat(2
n
2 ,C), if n is even,
Mat(2
n−1
2 ,C)⊕Mat(2
n−1
2 ,C), if n is odd.
In the case of even n, we have the Lie group isomorphism
(C⊗ Cℓp,q)
× ∼= GL(2
n
2 ,C). (5.20)
Taking into account U(2
n
2 ) ⊂ GL(2
n
2 ,C) and using operation of Hermitian
conjugation in Clifford algebra [10], we can reformulate theorems of the cur-
rent paper with the use of unitary Lie groups (and unitary Lie algebras) of
corresponding dimensions. We can also use another classical Lie groups and
corresponding Lie algebras in the complexified Clifford algebra C⊗Cℓp,q (see
papers [17], [18], [19]).
We discuss mathematical structures and constructions in this paper.
Relating the proposed mathematical constructions to real word objects goes
beyond the scope of this investigation. The application of the methods of this
article to other nonlinear equations of mathematical physics is the subject
for further research.
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